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Abstract 

We show that the bi-Hamiltonian structure of the rational n-particle 
(attractive) Calogero-Moser system can be obtained by means of a 
double projection from a very simple Poisson pair on the cotangent 
bundle of Ql(n, R). The relation with the Lax formalism is also dis- 
cussed. 

1 Introduction 

In 1971 Francesco Calogero [I] solved the quantum system consisting of n 
unit-mass particles moving on the line and pairwise interacting via a (repul- 
sive) potential that is proportional to the inverse of the squared distance. 
(The case n = 3 was treated earlier [3j by Calogero himself). The inte- 
gr ability of the classical counterpart was conjectured in [3] and proved by 
Moser in [18]. Later, this system was showed to be superintegrable [23]. It 
is also worthwhile to mention that the classical 3-particle case appeared in 
the works of Jacobi [13] . More information on the (quantum and classical) 
Calogero-Moser system can be found in [5]. Recently, this system gained 
an important role in pure mathematics too. We just cite its relations with 
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quiver varieties [TU] and double affine Hecke algebras [7J, referring to [5] for 
a more complete list. 

Although a lot of papers were devoted to the many facets of the Calogero- 
Moser system, only a few results concerning its bi-Hamiltonian formulation 
were found. In [17] (see also [16]) a bi-Hamiltonian structure was constructed 
with the help of the Lax representation of the system. A (2n — l)-dimensional 
family of compatible Poisson tensors — apparently unrelated with the above 
mentioned Poisson pair — was found in [11] , in the context of superintegrable 
systems. 

In this paper we explain where the bi-Hamiltonian structure of [T7J comes 
from. The spirit is very close to that of the fundamental paper [H], where 
the Calogero-Moser system is shown to be the Marsden-Weinstein reduction 
of a trivial system on the cotangent bundle of su(n). In the same vein, we 
show that the bi-Hamiltonian structure can be obtained — by means of two 
projections — from a Poisson pair belonging to a wide class of bi-Hamiltonian 
structures on cotangent bundles. Such class is recalled in Section 2, while in 
Section 3 the particular example related to the Poisson brackets of the (at- 
tractive) Calogero-Moser system is considered. In Section 4 a first reduction 
is performed, corresponding to the action given by the simultaneous conjuga- 
tion. A second projection, leading to the phase space of the Calogero-Moser 
system, is described in Section 5. Finally, Section 6 is devoted to the example 
of the 2-particle system (trivial from the physical point of view, but not from 
the mathematical one) and Section 7 to some final remarks. 
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for some remarks on the archive version of this paper. Moreover, we would 
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University of North Carolina at Chapell Hill, where part of this work was 
done. 
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2 Bi-Hamiltonian structures on cotangent bun- 
dles 



In this section we recall from [21] (see also [12]) that a torsionless (1,1) tensor 
field on a smooth manifold Q gives rise to a (second) Poisson structure on the 
cotangent space T* Q, compatible with the canonical one. More information 
on the geometry of bi-Hamiltonian manifolds can be found, e.g., in [16] . 

Let L : TQ — > TQ be a type (1, 1) tensor field on Q, whose Nijenhuis 
torsion vanishes. This means that 

T(L){X, Y) := [LX, LY] - L([LX, Y] + [X, LY] - L[X, Y}) = (1) 

for all pairs of vector fields X, Y on Q. Let 9 be the Liouville 1-form on 
T*Q and u = d9 the standard symplectic 2-form on T*Q, whose associated 
Poisson tensor will be denoted with P Q . One can deform the Liouville 1-form 
to a 1-form 9 F : 

(9 L , Z) a = (a, L(7r*^)) 7r ( Q( ) , 

for any vector field Z on T*Q and for any 1-form a on Q, where ir : T*Q — ► Q 
is the canonical projection. If we choose local coordinates (or, . . . , x n ) on Q 
and consider the corresponding symplectic coordinates (x 1 , . . . , x n , y\, . . . , y n ) 
on T*Q, we get the local expression 9l = L^dx 3 Now, it is well-known 
that the canonical Poisson bracket is defined by 

{F,G} = u;(X F ,X G ) F,GeC°°(T*Q) , 

where Xp, Xq are the Hamiltonian vector fields associated to F, G with 
respect to the symplectic form uj. A second composition law on C oc (T*Q) is 
given by 

{F,Gh = uj L (X F ,X G ) , (2) 
where uj f := d9 F . It is easily seen that 



{x\x : >} 1 = , {?/i,a; J }i = , {y^}] 



Moreover, the vanishing of the torsion of L entails that (j2J) is a Poisson 
bracket too, and that it is compatible with {-,-}o- Thus we have a bi- 
Hamiltonian structure on T*Q. 
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Remark 1 Since Pq is invertible, one can introduce the so-called recursion 
operator N := PiP^ 1 , whose Nijenhius torsion also vanishes. It turns out 
to be the complete lift of L (see, e.g., [24J), and it is uniquely determined by 
the condition 

d6 L (X,Y) = lu(NX,Y) 
for all vector fields X, Y on T*Q. An easy computation shows that 

dL[\d_ 

dxi ) dyi 



As pointed out in p2] (see also [21 E] and the references cited therein), the 
geometry of such bi-Hamiltonian manifolds — often called cuiV-manifolds — 
can be successfully exploited to characterize the Hamiltonian system that 
are separable in canonical coordinates in which iV is diagonal. 

We conclude this section by recalling that the functions 

H k := itrL fc = ^triV* (3) 

form a bi-Hamiltonian hierarchy on T*Q, that is, P\dHk = P dHk+i for all 
k > 1. This follows from N*dH k = dH k+ i, where iV* is the transpose of N, 
and is well-known to imply the involutivity (with respect to both Poisson 
brackets) of the H k . 



N 



N 



d 
dx k 
_d_ 

dy k 



_d_ 

dxi 



yi 



m 

dx k 



3 A Bi-Hamiltonian structure on T*Ql(n) 

In this section we consider a particular case of the general construction de- 
scribed in the previous section. The manifold Q is the set gl(n) of real nx n 
matrices, and the (1, 1) torsionless tensor field is defined as 

L A : V ^ AV , (4) 

where A £ fll(ra) and V £ T^g[(n) ~ Ql(n). It is known that the torsion of 
L vanishes (and one can easily check it by writing ([1]) for constant vector 
fields). The cotangent bundle T*gi(n) ~ Ql(n) x gl(n)* can be identified 
with Ql(n) x gi(n) by means of the pairing given by the trace of the product. 
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Thus on 0l(n) x gl(n) we have a bi-Hamiltonian structure, whose first Poisson 
bracket is associated with the canonical symplectic form ujq = tr (dB A dA), 
where (A,B) G fll(n) x gt(n). In order to determine the second Poisson 
tensor, we have to consider the 1-form 8l = tr (BA dA) and to compute 

u L = d6 L = tr (dB AAdA + BdAAdA) . 

Let Fi,F 2 be two real functions on gl(n) x gl(n), and let (£1,771) and (£2,772) 
be their differentials. Since the canonical Poisson tensor Pq acts on a covector 
(£,t?) as 

'A /We 

-/ oj u 





(5) 






(7) 



the corresponding Hamiltonian vector fields (with respect to oj) are Xp i = 
(rji, — £j), for i = 1, 2. Therefore 

{Fi, F 2 }i — ujl(X Fi , X F2 ) — tr (A(r7 X £ 2 - 772^) + S^, 772]) , (6) 

so that the second Poisson tensor is 

'£ 

rjj \-- A l^vy \n 

and the recursion operator iV = P\Pq _1 and its transpose are given by 



N=\ , A^* 



From the expression of N* it is evident that the functions Hk = ^trA k , for 
k > 1, form a bi-Hamiltonian hierarchy. It can be easily checked that this 
hierarchy coincide with the one mentioned at the end of Section 2, namely, 
that tr A k = trL k . The corresponding vector fields Xk := —PodHk are given 
by(X fc ) (AB) = (0,A fc - 1 ). 

Remark 2 One can check that if T*GL(n, M.) is seen as an open subset of 
gl(n) x gl(n) by means of left translations, then the canonical symplectic 
structure of T*GL(n, R) takes the form (J7J). 
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Remark 3 Another interesting interpretation of Pi is as follows. Let us 
consider the Cartesian product Ql(n) x Ql(n) with the Lie bracket 

[(A h B x ), (A 2 , B 2 )\ = {BiA 2 - B 2 A ll [B h B 2 \) , (8) 

i.e., the semidirect product of Ql(n) with the abelian structure and gl(n) with 
its usual Lie bracket. Then P\ is the Lie-Poisson structure associated with (jSJ) 
on the dual space (jjt(n) x Ql(n))* ~ 0t(^) x gl(n), where the identification 
is given by 

(A, B) ^ tr (A-) + tr (B-) . 

Moreover, in the terminology of, e.g., [T], Pq is the "frozen Lie-Poisson struc- 
ture" at the point (J, 0). 

4 The first projection 

The main aim of this paper is to show that the bi-Hamiltonian structure of 
the Calogero-Moser system is a reduction of the one presented in the previous 
section. The first step is to notice that the Poisson pair (P , Pi) is invariant 
with respect to the action of G — GL(n,M.) on g[(n) x gl(n) given by the 
simultaneous conjugation: 

{g 1 {A 1 B))^{gAg-\gBg- 1 ) . 

This is obvious for the canonical Poisson tensor P , since this action is the 
lifting to the cotangent bundle of the action (g, A) \— > gAg^ 1 on gl(n). Since 
the latter leaves invariant the tensor field L, the Poisson tensor Pi is invariant 
too. We would like to obtain a nice quotient, so we consider G acting on the 
open subset M. C fll(n) x gl(n) formed by the pairs (A, B) such that: 

• A and B have real distinct eigenvalues; 

• if {ui}i=i,... )n is an eigenvector basis of B, then Avi ^ (vi, . . . , Vj, . . . , v n ) 
for all j i. As usual, (...) denotes the linear span and Vj means that 
Vj is not included in the list; 

• the same condition as before with A and B exchanged. 

It is clear that M. is invariant under the action of G. Moreover, the descrip- 
tion of the quotient M. /G is made easy by the existence of a subset ?cM 
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intersecting every orbit in one point. It is given by V = U ei e{+ -} ^(fi,..,fn-i)i 
where V( ei ,. is the set of pairs (A, B) e M. such that B is diagonal with 
Ba < Bjj if i < j, and A i+1>i > 0, A M+ i = €iA i+hi for all i = 1, . . . , n - 1. 
For example, if n = 2 we have V = V+ U where the elements of V+ are 
those in M. of the form 




with A 2 i > and Bu < B22, while the elements of V- are those in M. of the 
form 

A u -A 21 \ (B 11 




A 21 A 22 I \ 
again with A21 > and Bu < B 22 . 

Proposition 4 Every orbit of G in M. intersects V in just one point. More- 
over, for all (A, B) G V the tangent space T(a,b)-M is the direct sum of 
T{a,b)P and the tangent space to the orbit. 

Proof. Given an orbit of G in M. , it is clearly possible to find a point (A, B) 
on such orbit with B diagonal and 

Bu < B^ for all i < j. (9) 

Then, again by the definition of A4, one has that Ay 7^ if i 7^ j. Because 
of ([9]) we can still act on (A, B) only by an invertible diagonal matrix g = 
diag(c?i, . . . , d n ). We have to show that one can choose the di in such a way 
that (gAg^^gBg- 1 ) = (gAg- 1 ^) e T 3 ^,...,^) for some e { = ±1. Since 
{gAg~ l )ij = diAijdj' 1 , this means that 

di+iAi + i idi > , c?jAj j + i<ij + i = ejdj-i-iAj+i^dj 

Therefore q is determined by the sign of A i>i+1 /A i+ i ;i , and 

di 

di+i y *H,i+l 

where the ± has to be chosen in such a way that d i+ iA i+ i ti di~ l > 0. In this 
way we have found the matrix g up to a multiple, and the first part of the 
claim is proved. 
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Let us fix now a point (A, B) G V( ei) , .., e „_i) and a tangent vector (V, H 7 ) G 
We have to show that (V, W) can be uniquely decomposed as 

{V,W) = {A,B) + {[A,$,[B,t;)) , (10) 

where (A,B) G T(A,B)'P(e 1 ,...,e n - 1 ) and £ G g[(n, R). Since B is diagonal, 
we immediately have that the off-diagonal entries of £ are given by £y = 
Wij/(Bu — Bjj). Then we have to impose the conditions A^j+i = ejAj+i^, 
getting the following equations, 

n n 

for all i = 1, . . . , n — 1. Since = e^j+i,*, we obtain 

2ei^4j+i,j(^ij — £1+1,2+1) = — ^ ] (£ijAj t i + i + ej^jiAj+ij) 

for all i = 1, . . . , n— 1, namely, (n—1) equations for the variables £n, . . . , £ nn . 
Thanks to the fact that A i+ i ti > 0, they can be solved, and the solution is 
unique up to a (common) additive constant. This shows the uniqueness of 
the vector ([A, £], [B, £]), tangent to the orbit, and of the decomposition (flOj) . 

QED 

Remark 5 It is clear from the previous proof that one can also identify 
M./G with the submanifold V C A4, whose definition is the same of V, but 
with the matrices A and B exchanged. 

Remark 6 The quotient space defined by simultaneous conjugation on k- 
tuples of matrices has been the subject of important investigations by Artin, 
Procesi, Razmyslov, and others (see, e.g., [IS]). For our purposes, it is conve- 
nient to restrict to the open subset A4, and in this case an explicit description 
of the quotient is possible in terms of the transversal submanifold V. 

Next we consider the vector fields of the bi-Hamiltonian hierarchy on 
A4, that is, (Xk)^ AB ^ = (O,^" 1 ). Since their Hamiltonians = |tr A h 
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and the bi-Hamiltonian structure are invariant with respect to the action of 
G, the X k can be projected on M./G. Their projections are the vector fields 
associated with the Hamiltonians H k (seen as functions on the quotient) 
and the reduced bi-Hamiltonian structure. We can exploit the identification 
between Ai/G and the submanifold V C M. in order to explicitly write 
the projected vector fields. Indeed, we have just seen that we can uniquely 
find (d k A,d k B) e T(a,b)P an d ([A, [B,^ k ]), tangent to the orbit passing 
through (A, B) e V, such that 

(O,^- 1 ) = (d k A,d k B) + ([A, [5,^]) • 

This shows that 

d k A = A] , d k B = B] + A"- 1 , (11) 

i.e., the projected flows possess a Lax representation. In the next section we 
will perform a second reduction and we will show that the flows ( TTTj) give 
rise to the (attractive) Calogero-Moser flows. 

Remark 7 The deduction of the Lax equations (II ip is well-known (see, e.g., 
|19j). Notice however that such equations describe flows on the (n 2 + 1)- 
dimensional manifold V — M./G and so they are an extension of the usual 
Lax representation of the Calogero-Moser system. 

We close this section with an interesting description of the bi-Hamiltonian 
structure on the quotient M./G (see [6] , where only the first Poisson structure 
is considered). Let F\ — tr (a± • ■ • a r ) and F 2 = tr (bi ■ ■ ■ b s ), where a { and bj 
are either A or B. Then 



dF x 



/ 

\j,:ai=A j:a,j=B 



and therefore we have the so-called necklace bracket formula 
{F 1 ,F 2 } = tr (a i+ i • • • a r ai • • • ai-x&j+i • • • 6 s 6i • • • 

(i ,j):ai=B,bj=A 

22 tr ( & i+i • • • b s bi ■ ■ ■ bj-ia i+ i ■ ■ ■ a r ai ■ ■ ■ ai_i) 



(12) 
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As far as the second Poisson bracket is concerned, we have from that 
{Fi,F 2 }i= tr (Ao i+1 • • • a r ai • • • Ot-ifej+i • • • 6A • • • 

2^ tr (Ab j+1 ■ ■ ■ b s bi ■ ■ ■ bj-ia i+1 ■ ■ ■ a r a x ■ ■ ■ aj_i) 

(i ,j):ai=A,bj=B 

+ ^2 tr (B[a i+ i---a r a 1 ---a i -i,bj + i---b 8 b 1 ---bj- 1 ]) 

— y~] tr (ajOi+i ■ • ■ a r ai ■ ■ ■ a f _i6j + i ■ • ■ &A • ■ ■ 

(ij'):ai=B,67=j4 

- ^ tr (b j+1 ■ ■ ■ b s bi ■ ■ ■ 6j_ia i+1 ■ ■ • a r a x ■ ■ ■ a^aA 

(i,j):a,i=A,bj=B 

+ ^ tr (ajdj+i • • • a r ai ■ ■ ■ a^bj^ ■ ■ ■ b s bi ■ ■ ■ 

(i,j):a,i=B,bj=B 

22 tr (bjb j+1 ■ ■ ■ b s bi ■ ■ ■ &j_ia i+ i • • • a r a t ■ ■ ■ dj_i) . 

(i,j):ai=B,bj=B 

(13) 

Now let us pass from the (n 2 + l)-dimensional quotient A4/G ~ V to the 
phase space of the Calogero-Moser system. 

5 The second projection 

In this section we will perform a second reduction of the bi-Hamiltonian 
structure on M./G ~ V. The starting point is the observation that the 
invariant functions 

I k (A,B) = yti A k = H k (A,B) , J k (A,B) =tr(A k ~ 1 B), for k = 1, . . . , n, 
k 

form a Poisson subalgebra with respect to both Poisson brackets. Indeed, by 
direct computation or using the necklace bracket formulas ( 07211X31) . one finds 
that 

{I k ,Ii} = 0, {Ji,I k }o = {k + I - 2)4+^-2 , {Jk,Ji}o = Q-k)Jk+i-2, 

{/fc,Jj}i = 0, {Ji,h}i = {k + l - l)4+z-i > {^fc, = (I - k)J k+ i-i , 

(14) 
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with the exception that {Ji,/i}o = n. In any case, the Cayley-Hamilton 
theorem implies that all the right-hand sides of (j!4j) can be written in terms 
of Ji, . . . , I n , Ji, . . . , J n . Thus both Poisson brackets can be further projected 
on the quotient space defined by the map tt : Ai/G ~ V — > R 2n whose 
components are the functions I\, . . . , I n , J\, . . . , J n . 

Proposition 8 The map tt is a submersion, i.e., its differential is surjective 
at every point of Ai/G. 

Proof. It is convenient to identify Ai/G with V and to consider, among the 
coordinates on V, the diagonal entries (Ai, . . . , A n ) of the (diagonal) matrix 
A and the diagonal entries (/ii, . . . , n n ) of B. Then 



since the A, are distinct. This shows that the differential of tt is surjective. 



The previous proposition entails that the image of tt is an open subset 
U C M 2n , which is in 1-1 correspondence with the second quotient space (by 
its very definition). Our final step is to prove that the projection on U gives 
rise to the phase space of the attractive Calogero-Moser system, with its bi- 
Hamiltonian flows. To do this, we recall once more that the (first) quotient 
M./G can be identified with the submanifold V G Ai and we restrict to its 
connected component P(_ v .. i _), that is, the set of pairs (A, B) G Ai such that 
B is diagonal with Bu < Bjj Hi < j, and A i+lti > 0, A i>i+1 = — A i+ i^ for 
all i — 1, . . . , n — 1. Then we introduce a submanifold Q C 'P(_ i ... i _) which 
will be shown to be in 1-1 correspondence with an open subset of the second 
quotient space. The elements of Q are the pairs (L,diag(xi, . . . ,x n )) E V 
such that Xi < Xj Hi < j, and = x x _ x if % j. If we put La = y i5 we 




i=i 



i=i 



which implies that 




QED 
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obtain the Lax matrix of the attractive Calogero-Moser system: 



\3 



X1-X2 



V2 



X n -X2 



\ 



Vn J 



Let us also introduce the submanifold Q' C V whose elements are the pairs 
(diag(Ai, . . . , A n ), L') G V such that Aj < Xj if i < j, and L^- = A .1 A . ifi^j. 
In order to identify Q with a subset of the second quotient space, we need 
the following result. It is a restatement of Proposition 2.6 in [6], but we give 
its proof for the reader's sake. 

Proposition 9 If p : M. — > M./G is the canonical projection, then p(Q) 
coincides with p(Q'), and is formed by the orbits of the pairs (A,B) such 
that the rank of [B, A] + I is 1. 



Proof. We notice that 



Q = {(A, B) e V | [B, A] = p] and Q' = {(A, B) e V \ [B, A] = p] , 

where pij = 1—%. Thus, the elements (A, B) in the orbits passing through Q 
and Q! satisfy the condition rank([_B, A] +1) = 1. Conversely, let us suppose 
that (A, B) G M. and the above condition holds. We can also suppose that 
B has already been diagonalized. Since the rank of K := [B, A] + I is 1, 
there exist a^foj G R, i = 1, ...,n, such that Kij = a^by From [JB ;J A]y = 
(Bu — Bjj)Aij we have that Ku = 1 and therefore 6j = aC 1 . By acting with 
diaerf ), the entries of the matrix K all become 1 and so (A, B) is 

mapped into Q. This shows that the orbits in p(Q) are precisely those of the 
pairs (A,B) such that rank ([5, A] + I) — 1. Diagonalizing A instead of B, 
one proves that the same is true for p(Q'). 

QED 

Corollary 10 The restriction to Q of the map it = (J^, . . . , I n , Ji, . . . , J n ) is 

injective. 
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Proof. Since ir is an invariant map, we can exploit the identification between 
Q and Q! given by the previous proposition and show that 7r is injective on 
Q'. If (£>', V) e Q', with 



D' = diag(Ai, . . . , A n ) , ll = 



\\x-\n a 2 -a„ J 

then 

1=1 1=1 

To conclude that 7r is injective, we simply have to recall that Aj < Xj if i < j. 

QED 

Remark 1 1 From the proof of Proposition it is also clear that 

p(Q) = p(Q') = {orbits of the pairs (A, B) such that [B, A] = fi}. 

We have thus shown that an open subset of the quotient defined by the 
map 7r can be identified with the submanifold Q, that is, the phase space of 
the Calogero-Moser system. The bi-Hamiltonian structure on Q is given by 
the Poisson brackets (TH1) . 

Remark 12 Formulas (TH|) appeared in [T7| (see also [IS]), in the context of 
the repulsive Calogero-Moser system. In that paper the construction of the 
bi-Hamiltonian structure on the Calogero-Moser phase space starts from the 
Lax representation of the system and uses a special class of coordinates de- 
fined on regular bi-Hamiltonian manifolds (the so-called Darboux-Nijenhuis 
coordinates, see [TTl [THl [H])- On the contrary, here we recover both the Pois- 
son brackets (TT^j) and the Lax representation from the Poisson pair ([MI]) on 
g[(n) x Ql(n). 

Now we consider the (projected) bi-Hamiltonian hierarchy on _ C 
M./G. Since the Hamiltonians are just the functions = 1^, this hierarchy 
further projects on the second quotient space. In particular, it gives rise to 



i 

Ai— A2 



A2— Ai 
/'2 



A n — Al 
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bi-Hamiltonian vector fields on Q, which we will soon see to be those of the 
attractive Calogero-Moser system. In principle, to write these vector fields 
we should project the flows (jlip . as we did after Proposition HI But they are 
already tangent to Q, as shown in 

Proposition 13 Let (A, B) E Q and let (d k A, d k B) E T(a,b)V be given by 
177]) . that is, 

dkA=[£ k ,A] , d k B = [^,B}+A k - 1 . 
Then {d k A, d k B) E T (a ,b)Q for all k > 1. 
Proof. We know that 

Q = {(A,B)eV\[B,A]= f i,} , 

where % = 1 — dij. This entails that (d k A,d k B) E T^a,b)Q if and only if 
[dkA, B] + [A, d k B] = at the points of Q. But this is equivalent to the 
assertion that = 0. Let us prove this fact, introducing a matrix £ such 

that = (£ k )ij = (A k - 1 )../(x i - Xj) for i ^ j, and 

Since B is diagonal, we have that 

8 k B = B] + A*- 1 = [£, B] + A k ~ l . (16) 

At the end, it will turn out that £ is a possible choice for £ k (recall from the 
proof of Proposition H] that £ k is determined up to a multiple of the identity 
matrix). Now let us show that [£, ;u] = 0. Indeed, 

[£, fi] = [£, [B, A]) = [A, [B, £]] + [B, [£, A)] = - [A, d k B] + [B, [£, A]] , 
so that, putting d k B = diag(±i, . . . , x n ), we have 

[£> tAij = & _ Xj)Aij + (xi - Xj)[£, A]ij . (17) 
Thus [£, /j]a = for alH = 1, . . . , n. Moreover, (fl5|) implies that, for i ^ j, 

Z m 
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Therefore we have that [£,//] = 0. In order to finish the proof, we have to 
show that £ is a possible choice for £ fc , i.e., that [£, = — [£, for 

alH = 1, . . . , n — 1. But from (fTTj) . the vanishing of [£,//], and the fact that 
Aij = —Aji for z ^ j, we have that 

0=(x i -x i )(K,A] ii + [e,A] ii ) 

and therefore = — [f, A]jj. 

QED 

As it is well-known, the Calogero-Moser system is given by the second flow 
d 2 A = [f 2 , A], where (f 2 )ij = 1/ (ar« - £j) 2 for i 7^ j and (f 2 )« = - E^ifek- 
In general f & is not symmetric for k > 2. 

Remark 14 In the repulsive case, corresponding to the connected compo- 
nent "P( +r .. )+ ) C Ai/G, one can still introduce the submanifold 

Q+ = \ (L, diag(xi, . . . ,x n )) \ x { < Xj and = Lu = — - — if i < j \ 

{ X t - Xj J 

and show that it can be identified with (an open subset of) the second quo- 
tient space. However, if n > 2 the flows (ITT]) are not tangent to <2+ and 
therefore they need to be projected on Q + , where they assume a more com- 
plicated form. 

Remark 15 It is well-known [HI [61 [22] that the first Poisson structure Pq 
can be reduced on the phase space of the Calogero-Moser system by means 
of the Marsden-Weinstein reduction and that it gives rise to the canonical 
structure in the coordinates (xi,yj). Our reduction consists in a double 
projection, and has the same effect on P . However, we can reduce also 
the second Poisson structure P\, on which the Marsden-Weinstein reduction 
cannot be performed, since it employs the moment map (A, B) — > [A, B] of 
Pq. Notice that this moment map appears in the proof of Proposition [91 

Remark 16 We have used two projections to obtain the bi-Hamiltonian 
structure of the Calogero-Moser system from the one on T*gl(n). Of course, 
such projections can be composed and we could have found directly the 
Poisson pair on Q. We decided to study also the first quotient Ai/G because 
it is more natural and we think that it might be of interest on its own. 
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6 Example: n = 2 



In this section we consider the 2-particle Calogero-Moser system in order to 
exemplify our construction. The starting point is the set Ai whose elements 
are pairs (A, B) of matrices in gt(2, R) such that A and B have real distinct 
eigenvalues and no common eigenvector. The first quotient space Ai/G can 
be identified with the 5-dimensional manifold V = V+ U V- (see Section H]) 
or with V = V' + U V'_ , where the elements of V' + are those in Ai of the form 





with An < A22 and B12 > 0, while the elements of V'_ are those in Ai of the 
form 

Bn B u 
-B12 B22 

again with An < A22 and B12 > 0. There are only two independent vector 
fields Xi and X2 in the bi-Hamiltonian hierarchy on Ai , corresponding to the 
invariant functions Hi = tr A and H2 = ^tr A 2 . The equations on Ai/G ~ V 
are given by ffTTl) . with £1 = / and 






6 = I «aa-^ii I Qn ^ = I B22--B11 I Qn p 







,522-Bia 

The second projection n : P — > R 4 is given by 7r = (ii, J 2 ? J\, J2), where 
I 1 = Hi = tr A, I 2 = H 2 = -tr A 2 , J x = tr 5, J 2 = tr (AB) . 
One can check that the image of 7r is the set 

U = I 2 , Ji, J 2 ) G R 4 s.t. 4/ 2 - 1 1 2 > 0, J 2 - i/i Ji ^ 
The restriction of 71 to 

Q={\\ V l ^1,1 ^ I I s.t. X! <x 2 ,|y 1 -y 2 |(x 2 -a; 1 ) >2 
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is a bijection onto 

V = |(Ji, h, J 1} J 2 ) G M 4 s.t. 4J 2 - h 2 > 0, | J 2 - l -h.h\ > 1 
The Poisson brackets on Q are given by 

{h, h}o = 0, { Ji, /i}o = 2, { J l5 J 2 } = { J 2 , /i}o = Ji, 

{ J2; ^2)0 = 2/ 2 , {Jl,J 2 }o = Jl; 

{Ji, I 2 } 1 = 0, { Ji, Ji>! = J 1; { J a , J 2 }i = { J 2 , Ji}i = 2J 2 , 
{ J 2 , J 2 }i = 3J 3 = 3JiJ 2 - |Ji 3 , { Ji, J 2 }i = J 2 - 



(18) 



In terms of the physical coordinates (x\, x 2 , yi, y 2 ), the first bracket is the 
canonical one, while 

{xi,x 2 h=*F, {x lt yi}i = yi + {x 2 ,y 2 h = y 2 - iyi - y t 122 

{ y 2)Xl]l = { X2 ,y l}l = ^~V^\ {yuy2]l = _ Xl2 3. 

(19) 

where x i2 = l/(x\ — x 2 ) and A = 4x i2 2 — (yi — y 2 ) 2 '■ Notice that the term A 
appearing in the denominators of (fi"9~|) is the discriminant of the characteristic 
polynomial of 

f yi — 

1 



^X2—X\ 

This means that one cannot reduce the second Poisson bracket on the whole 
Calogero-Moser phase space, but only on its open subset Q. 

7 Final remarks 

In this paper we have shown that the Poisson pair of the (rational, attractive) 
Calogero-Moser system is a reduction of a very natural bi-Hamiltonian struc- 
ture on T*g[(n, R). A first possible development of this result is to extend this 
construction to other Calogero-Moser systems, such as the trigonometric one 
(see also Remark [2]) and those associated to (root systems of) simple Lie al- 
gebras [19]. Secondly, it would be interesting to investigate, from the point of 
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view of bi-Hamiltonian geometry, the problem of duality between Calogero- 
Moser systems [2UI [Hj and, more generally, between integrable systems. In 
particular, on M. there is another bi-Hamiltonian structure, obtained by ex- 
changing A with B. (In other words, one can look at B as the "point" 
in gl(n,M) and A as the "covector" in T^gl(n,M) ~ g[(n, R), and consider 
the (1,1) tensor field V i-> BV on 0f(n,R).) The functions H' k = \tiB k , for 
k > 1, form a bi-Hamiltonian hierarchy with respect to the new Poisson pair. 
Being invariant with respect to the action of G, such pair can be projected 
on the (first) quotient space Ai/G, along with its hierarchy. However, they 
cannot be projected on the second quotient space, but one has to introduce 
the map n' : M. /G — > lR 2n whose components are the functions 

I' k (A, B) = itr B k = H' k (A, B) , J' k (A, B) = tr {AB^ 1 ) , forfc = l n. 

The projection along tt' gives rise again to the rational Calogero-Moser sys- 
tem, which is indeed well-known to be dual to itself. From the bi-Hamiltonian 
viewpoint, it is important to observe that the map (A, B) \—> (-B, A) sends 
the Poisson pair (P , Pi) into the new Poisson pair. 
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